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ISOLATED CRITICAL POINTS OF 0 00 AND ow FUNCTIONS 
BY 
FLORIS TAKENS 1) 
(Communicated by Prof. N. H. KuiPER at the meeting of December 17, 1966) 
§ 1. Introduction. 
In this paper we give examples of isolated critical points of000 functions, 
which are essentially different from any isolated critical point of a ow 
(=analytic) function. I.e. we define an equivalence relation between 
isolated critical points and show that there are equivalence classes in 
which there is no isolated critical point of a ow function. 
Definition 1. Let I and g be 0 00 functions defined on U1 and Ug, 
open subspaces in Rn, and let p E Ut be an isolated critical point of I 
and q E Ug an isolated critical point of g. (f, p) and (g, q) are called 
topologically equivalent if there exists a homeomorphism cp of a neighbour-
hood U(p) of p in Ut onto a neighbourhood U(q) of q in Ug such that 
cp( U(p) n 1-1(- oo, I(P) ]) = U(q) n g-1(- oo, g(q) ]. 
In [2] it is proved, that for any ow function I and any a E R the inverse 
image l-1(a) can be triangulated. Consequently there exists for every 
isolated critical point p of a ow function I : U ---+ R, a closed neighbourhood 
U(p) ofp in l-1{f(p)) which is homeomorphic with the cone on its boundary. 
As cp in definition 1 induces a local homeomorphism of l-1(f(p)) on g-1(g(q)), 
the critical level of every isolated critical point, which is topologically 
equivalent with some isolated critical point of a ow function, must be 
tame in the critical point. 
Definition 2. Let V be a topological space. Vis called tame in a 
point p E V if p has a closed neighbourhood which is homeomorphic with 
the cone on its boundary. 
In this paper we give a proof of the following 
Theorem: For every n;;;;. 4 there exists a 0 00 function I : Rn---+ R 
with an isolated critical point p whose level is not tame at p. 
Corollary: There are isolated critical points of 0 00 functions on Rn 
for every n;;;;. 4, which are not topologically equivalent with any isolated 
critical point of a ow function. 
1) Research partially supported by Z.W.O. 
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§ 2. The analytic part of the proof. 
In this § we reduce the problem to a purely topological one: 
Proposition 1: If, for some n, there exists a triple Q C Rn-1 C Rn 
(Rn-1={(x1, ... , Xn) E Rnlxn=O} C Rn) for which 
(i) there exists a continuous map r : Rn __,.. Rn with r(Q) = 0= (0, ... , 0) 
and the restriction rl Rn- Q is a diffeomorphism onto Rn- {0}, 
(ii) there is no closed neighbourhood U of Q in Rn-1 such that U- Q 
is homeomorphic with i:'JU x (0, 1], 
then there exists a coo function f : Rn __,.. R with an isolated critical point 
in 0 whose level is not tame in 0. 
Proof: We shall use the map r to construct a coo map f : Rn __,.. R 
with only one critical point (in 0) and with j-1(0)=r(Rn-1). If j-1(0) is 
tame in 0, then 0 has a closed neighbourhood Win j-1(0) = r( Rn-1) homeo-
morphic with a cone on its boundary, and Q has a closed neighbourhood 
r-1(W) in Rn-1 with r-1(W)-Q homeomorphic with i:'J(r-1(W)) x (0, 1]. 
This contradicts assumption (ii). Hence j-1(0) is not tame in 0. 
In order to obtain the function f we first construct a suitable coo function 
F : Rn __,.. R with F-1(0) = Rn-1 and (i:'Jfi:'Jxn)(F(x)) = 0 iff x E Q; we then 
define f by F = rf. 
As F is constant on Q the function f is indeed well defined. Moreover 
j-1(0) is not tame at 0. Iff turns out to be C00 , it is the required function. 
For the construction ofF we use a basis {Qt}~ 1 of compact neighbour-
hoods of Q in Rn-1 with Qi C int Qi-1; 
a partition of unity {l.t}~ 1 of Rn-1_ Q with support /.1 C complement of 
Q2, support At C Qi-1- int QH1 for all i > 1; 
and a sequence {hi}~ 1 of functions on R1 with 
hi(x) =X if lxl > (i)-1 
ht(X)=O if lxlo;;;;(i+1)-1 
(dfdx)(ht(x)):;;;. 0 for all x. 
F will be of the form: 
where all at and b1 are positive real numbers. 
We see that F-1(0) = Rn-1. Note that F is not coo for all sequences 
{at} and {b1}. However ifF is a coo function then i:'J~(x) = 0 implies x E Q. 
uXn 
We now compute conditions for {ai} and {bi} to make F and f C00 • 
As 0 ¢ support h1 and Q n support Ai = 0 one can define coo functions Ai 
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and H 1 on Rn with 0 ¢=support Ai and 0 ¢=support Hh by 
Ai(i(Xl, ... , Xn)) =Ai(Xl, ... , Xn-1) ·Xn, 
Hi(r(x1, ... , Xn))=hJ(Xn), for all i, j> l. 
We define Dk( rp) for any 0 00 function rp : Rn --+ R with 0 ¢=support rp by 
where the maximum is taken over the set 
n 
{i1, ... , ip, Xl, ... , XnJp,-;;;;k, L Xj2 <;1}. 
i~l 
If we choose 
and 
F and f will be 0 00 functions. 
§ 3. The construction of Q C R3 C R4. 
Q C R3 will be example 1, 1 in [1]; i.e. Q is a wild arc in R3 with 
J>H(R3-Q)#O and H1(R3-Q)=0. By the properties of Q there cannot 
exist a closed neighbourhood U of Q in R3 such that U- Q is homeomorphic 
with ()U x (0, 1]. 
As every wild arc in R3 is tame in R4 , there exists a continuous map 
r: R4--+ R4with r(Q)=O and rJR4-Q is a diffeomorphism onto R4-{0}. 
Another such Q C R3 (with R3- Q simply connected) can be constructed 
by using the WHITEHEAD example ([5] and [6] Chapter 7). 
§ 4. The construction of Q C Rn C Rn+l for n > 4. 
NEWMAN [4] and MAZUR [3] proved that for every n>4 there exist 
compact contractible manifolds xn with: 
(a) J'tl(()Xn) # 0, 
(b) Xn can be embedded in Rn, 
(c) Xn X [0, 1] is, up to edges in the boundary, diffeomorphic with 
(c) implies that the double of Xn is diffeomorphic with Sn. 
Let Mn be such a manifold and let G be the fundamental group of its 
boundary. 
241 
Definition 3. Let K and L ben dimensional manifolds with bounda-
ry. K OOt L the connected sum of K and L along the boundary is the 
n-manifold formed by an identification I of Dn-1 C bK with Dn-l C bL 
and by smoothing the boundary. We omit I from the notation. It is 
easy to see that b(K l#l L) = (bK) # (bL) is the usual connected sum of 
bK and bL. We now construct in Rn a sequence {Qt}~o of n-manifolds 
with boundary having the following properties: 
l. Qo=Dn, 
2. QHl C int Qi, 
3. QHl is diffeomorphic with Qi l#l Mn, 
4. Q,- int QHl is diffeomorphic with (bQ x [0, 1]) 11!1 Mn. 
00 
Q is defined to be n Q,. We construct {Qt}~o by induction. Suppose 
i~O 
we have already {Qt}f~o for some k;;;.O, we proceed to construct Qk+l· 
As Qk is a manifold (with smooth boundary) we can choose a collar 
of bQk (i.e. we choose an embedding 
lJI: ('CJQk X [0, 1], 'CJQk X {0})--+ (Qk, 'CJQk)). 
Let (/J : Dn --+ int Qk be an embedding with 
(/J ( {(x1, ... , Xn) I.~ Xt2 < 1 and X1;;;;. 0}) = (lJ(Dn) () Im(lJI). 
As the double of Mn is Sn, one can devide Dn in two parts A1 and A2 
by a properly embedded submanifold yn-1 (i.e. yn-l=A1 () A2 and 
Dn=A1 u A2}, such that A1 and A2 both are diffeomorphic with Mn 
(up to edges in the boundary) and A1 () 'CJDn, A2 () 'CJDn are diffeomorphic 
with Dn-1. 
One can choose yn-1 C Dn so that 
and 
n 
{(x1, ... , Xn)l!< ~x,2 .;;;;:1 and x1=0} C Vn-1 
i~l 
n 
A1 () 'CJDn = {(x~, ... , Xn) I ~ Xt 2 = 1 and X1;;;;. 0}. 
i~l 
Now Qk+l is defined by: 
Qk- int Qk+l=(lJI(bQkx [0, 1])-{/}(Dn)) U (/J(A1); 
see figure l. 
Qk+l satisfies all the required properties. We now conclude the proof 
of the theorem with the following proposition: 
00 
Proposition 2: The triple (Q= n Qi, Rn, Rn+l) has the properties 
i~o 




Proof: We first list some properties of {Qi}~0 : 
(1X) oQi is diffeomorphic with (oQH) # (oMn) which again is diffeo-
morphic with (oMn)#i=oMn # oMn # ... # oMn (i times), 
({3) 'lH(oQt)=G*t=G*G* ... *G (i times), 
(y) there exists a homotopy equivalence h : oQi--+ (Qi- int Qi+k) for 
all k, i;;..O. 
From y it follows that the inclusion oQt --+ (Qt- Q) is a weak homotopy 
equivalence for all i; from this and fJ it follows that the map n1(Qi+k- Q) --+ 
--+ n1(Qi- Q), induced by the inclusion, is always surjective but never 
injective for all i;;.. 0 and k;;.. 1 (the base point is some point in Qi+k- Qk)· 
We will now prove (ii). Suppose there exists a closed neighbourhood 
u of Q in Rn such that u -Q is homeomorphic with oU X (0, 1]. Then 
there is a basis of closed neighbourhoods {Uthe<o. 11 of Q in Rn such that 
u- Ut is homeomorphic with oU X (t, 1]. 
The sequence {Qi}~0 also forms a basis of closed neighbourhoods of 
Q in Rn. We can choose O<i<j<k and t, t' E (0, 1] with Qk CUt· C Qi C 
C Ut C Qi C U1 = U. Consider the following diagram (the base point is 
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somewhere in Qk- Q) : 
All maps are induced by inclusions, so the diagram commutes. 
From the definition of U t it follows that £X6 and £Xg are isomorphisms, 
so £X5 and £Xs are injective. We proved that £X4 and £X7 are surjective, so 
£X5 and £Xs must be surjective, so £X5, £Xg and £Xg are isomorphisms; this 
implies that £X4 is an isomorphism. We proved however that £X4 cannot 
be injective so we have a contradiction which proves (ii). 
To prove (i) it is sufficient to show that there exists a basis {W-1}~ 0 
of closed neighbourhoods of Q in Rn+l such that each W" is diffeomorphic 
with Dn+l and W-1::) Wt+l· 
In order to construct W" we first consider 
w-~= {(x~, ... , Xn+l) I (x~, ... , Xn) E Qi and IXn+ll .;;;;i-1} c Rn+l, 
From the construction of Qt and the fact that Mn x [0, l] ~ Dn+l, it 
follows that Wt is, up to edges in the boundary, diffeomorphic with Dn+l. 
We obtain W-1, very close to Wt, by suitably smoothing the edges in ()(Wi)· 
Then {W-1}~ 0 has the required properties. 
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